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4. �à¤¨ «ìë¥ ç¨á« 

�¯à¥¤¥«¥¨¥. �ãáâì A ¨ B | «¨¥©® ã¯®àï¤®ç¥ë¥ («.ã.) ¬®¦¥áâ¢ . �â®¡-
à ¦¥¨¥ ϕ : A → B  §ë¢ ¥âáï ¨§®¬®àä¨§¬®¬ «.ã. ¬®¦¥áâ¢  A   «.ã. ¬®-
¦¥áâ¢® B, ¥á«¨ ϕ ¡¨¥ªâ¨¢® ¨ ¤«ï «î¡ëå í«¥¬¥â®¢ x, y ∈ A ¨§ x 6 y á«¥¤ã¥â
xϕ 6 yϕ.

�¯à ¢¥¤«¨¢®áâì á«¥¤ãîé¥£® ãâ¢¥à¦¤¥¨ï ¯à®¢¥àï¥âáï ¥¯®áà¥¤áâ¢¥®.
�à¥¤«®¦¥¨¥ 1. �®¦¤¥áâ¢¥®¥ ®â®¡à ¦¥¨¥ «.ã. ¬®¦¥áâ¢  ï¢«ï¥âáï ¨§®-
¬®àä¨§¬®¬. �à®¨§¢¥¤¥¨¥ ¤¢ãå ¨§®¬®àä¨§¬®¢ «.ã. ¬®¦¥áâ¢ ï¢«ï¥âáï ¨§®¬®à-
ä¨§¬®¬. �â®¡à ¦¥¨¥, ®¡à â®¥ ª ¨§®¬®àä¨§¬ã, ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬.
�¯à¥¤¥«¥¨¥. �ã¤¥¬ £®¢®à¨âì, çâ® ¯®àï¤ª®¢ë© â¨¯ «.ã. ¬®¦¥áâ¢  A à ¢¥
¯®àï¤ª®¢®¬ã â¨¯ã «.ã. ¬®¦¥áâ¢  B (¨ § ¯¨áë¢ âì íâ® ¢ ¢¨¤¥ o(A) = o(B)),
¥á«¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬ ¬®¦¥áâ¢  A   ¬®¦¥áâ¢® B.

�§ ¯à¥¤«®¦¥¨ï 1 ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â
�à¥¤«®¦¥¨¥ 2. �«ï «î¡ëå «.ã. ¬®¦¥áâ¢ A, B ¨ C

(1) o(A) = o(A);
(2) o(A) = o(B) ⇒ o(B) = o(A);
(3) o(A) = o(B) ∧ o(B) = o(C) ⇒ o(A) = o(C).

� á¨«ã ®¯à¥¤¥«¥¨ï ®ç¥¢¨¤® â ª¦¥, çâ® ¥á«¨ ¯®àï¤ª®¢ë¥ â¨¯ë ¤¢ãå «.ã.
¬®¦¥áâ¢ A ¨ B á®¢¯ ¤ îâ, â® |A| = |B|. �¥¯®áà¥¤áâ¢¥®© ¨¤ãªæ¨¥© ¬®¦®
¤®ª § âì, çâ® ¤«ï ª®¥çëå ¬®¦¥áâ¢ á¯à ¢¥¤«¨¢® ¨ ®¡à â®¥. � ¨¬¥®, ¥á«¨
«.ã. ª®¥çë¥ ¬®¦¥áâ¢  á®áâ®ïâ ¨§ ®¤®£® ¨ â®£® ¦¥ ç¨á«  í«¥¬¥â®¢, â® ®¨
¨§®¬®àäë. �®àï¤ª®¢ë© â¨¯ ª®¥ç®£® ¬®¦¥áâ¢ , á®áâ®ïé¥£® ¨§ n í«¥¬¥â®¢,
®¡®§ ç ¥âáï ç¥à¥§ n.

�«ï ®¡®§ ç¥¨ï ¯®àï¤ª®¢ëå â¨¯®¢ ¡¥áª®¥çëå «.ã. ¬®¦¥áâ¢ ¨á¯®«ì§ãîâ
¬ «ë¥ £à¥ç¥áª¨¥ ¡ãª¢ë. � ª, ¯®àï¤ª®¢ë© â¨¯ ¬®¦¥áâ¢  N  âãà «ìëå ç¨á¥«,
à áá¬ âà¨¢ ¥¬®£® á ¥£® ¥áâ¥áâ¢¥ë¬ ®â®è¥¨¥¬ ¯®àï¤ª , ®¡®§ ç ¥âáï á¨¬¢®«®¬
ω. � ª¨¬ ®¡à §®¬, § ¯¨áì o(A) = ω ®§ ç ¥â, çâ® «.ã. ¬®¦¥áâ¢® A ¨§®¬®àä®
¬®¦¥áâ¢ã N.

�¢¥¤¥¬ ®¯¥à æ¨î á«®¦¥¨ï ¯®àï¤ª®¢ëå â¨¯®¢. �ãáâì α ¨ β | ¯®àï¤ª®¢ë¥
â¨¯ë ¨ ¯ãáâì α = o(A) ¨ β = o(B) ¤«ï ¥ª®â®àëå «.ã. ¬®¦¥áâ¢ A ¨ B, ¯¥à¥á¥ç¥¨¥
ª®â®àëå ¯ãáâ®, A∩B = ∅ (¯®á«¥¤¥¥, ª ª «¥£ª® ¢¨¤¥âì, ¥ ã¬¥ìè ¥â ®¡é®áâ¨). � 
¬®¦¥áâ¢¥ C = A ∪B, ®¯à¥¤¥«¨¬ ®â®è¥¨¥ <, áç¨â ï ¤«ï ¯à®¨§¢®«ìëå x, y ∈ C
®â®è¥¨¥ < ¨áâ¨ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  «¨¡® x, y ∈ A ¨ x < y ¢ ã¯®àï¤®-
ç¥¨¨ ¬®¦¥áâ¢  A, «¨¡® x, y ∈ B ¨ x < y ¢ ã¯®àï¤®ç¥¨¨ ¬®¦¥áâ¢  B, «¨¡® x ∈ A
¨ y ∈ B. �¥¯®áà¥¤áâ¢¥ ï ¯à®¢¥àª  ¯®ª §ë¢ ¥â, çâ® ®¯à¥¤¥«¥®¥ â ª¨¬ ®¡à §®¬
®â®è¥¨¥ ï¢«ï¥âáï ®â®è¥¨¥¬ «¨¥©®£® ¯®àï¤ª , ¨ ¯®àï¤ª®¢ë© â¨¯ ¬®¦¥áâ¢ 
C, à áá¬ âà¨¢ ¥¬®£® á íâ¨¬ ¯®àï¤ª®¬ ¡ã¤¥¬  §ë¢ âì áã¬¬®© ¯®àï¤ª®¢ëå â¨¯®¢
α ¨ β ¨ ®¡®§ ç âì ç¥à¥§ α + β.

�¥£ª® ¢¨¤¥âì, çâ® íâ® ®¯à¥¤¥«¥¨¥ áã¬¬ë ¯®àï¤ª®¢ëå â¨¯®¢ ¥ § ¢¨á¨â ®â ¢ë-
¡®à  ¬®¦¥áâ¢ A ¨ B: ¥á«¨ α = o(A′) ¨ β = o(B′) ¤«ï ¥ª®â®àëå ¥¯¥à¥á¥ª îé¨åáï
«.ã. ¬®¦¥áâ¢ A′ ¨ B′ (à §ã¬¥¥âáï, ¨§®¬®àäëå ¬®¦¥áâ¢ ¬ A ¨ B á®®â¢¥âáâ¢¥®)
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¨ ¬®¦¥áâ¢® C ′ = A′ ∪B′ ã¯®àï¤®ç¥®   «®£¨çë¬ ®¡à §®¬, â® «.ã. ¬®¦¥áâ¢  C
¨ C ′ ¡ã¤ãâ ¨§®¬®àäë¬¨ ¨ ¯®â®¬ã o(C ′) = α + β.

� áá¬®âà¨¬ ¥áª®«ìª® ¯à¨¬¥à®¢.
� á¯®«®¦¥¨¥  âãà «ìëå ç¨á¥« ¢¨¤  0, 2, 4, . . . , 1, 3, 5, . . . ï¢«ï¥âáï, ®ç¥-

¢¨¤®, ã¯®àï¤®ç¥¨¥¬ ¬®¦¥áâ¢  N ¯® â¨¯ã ω + ω.
�®ª ¦¥¬, çâ® 1+ω = ω. � á¨«ã ¯à¨ïâ®£® ¢ëè¥ á®£« è¥¨ï 1 ï¢«ï¥âáï ¯®àï¤-

ª®¢ë¬ â¨¯®¬ ®¤®í«¥¬¥â®£® ¬®¦¥áâ¢  A = {a}. �® ®¯à¥¤¥«¥¨î 1 + ω = o(C),
£¤¥ ¬®¦¥áâ¢® C = A ∪ N ã¯®àï¤®ç¥® â ª, çâ® í«¥¬¥â a ¬¥ìè¥ ¢á¥å  âã-
à «ìëå ç¨á¥«,    âãà «ìë¥ ç¨á«  à á¯®«®¦¥ë ¢ ®¡ëç®¬ ¯®àï¤ª¥. �¯à¥¤¥«¨¬
®â®¡à ¦¥¨¥ ϕ : N→ C, ¯®« £ ï ¤«ï ¯à®¨§¢®«ì®£® n ∈ N

nϕ =
{

a, ¥á«¨ n = 0
n− 1, ¥á«¨ n > 0.

�¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï, çâ® ϕ | ¨§®¬®àä¨§¬ «.ã. ¬®¦¥áâ¢  N   «.ã. ¬®-
¦¥áâ¢® C, ¨ ¯®â®¬ã ω = o(N) = o(C) = 1 + ω.

� ¤àã£®© áâ®à®ë, ¤«ï «î¡®£® ¯®àï¤ª®¢®£® â¨¯  α = o(B) α + 1 ¥áâì ¯®-
àï¤ª®¢ë© â¨¯ ¬®¦¥áâ¢ , ¯®«ãç¥®£® ¯à¨á®¥¤¨¥¨¥¬ ª ¬®¦¥áâ¢ã B í«¥¬¥â 
a, ª®â®àë© áç¨â ¥âáï ¡®«ìè¥ «î¡®£® í«¥¬¥â  ¨§ B. � ª¨¬ ®¡à §®¬, ¬®¦¥áâ¢®,
ã¯®àï¤®ç¥®¥ ¯® â¨¯ã α + 1 ®¡« ¤ ¥â  ¨¡®«ìè¨¬ í«¥¬¥â®¬. �®íâ®¬ã ω + 1 6= ω,
¨ ¬ë ¢¨¤¨¬, ¢ ç áâ®áâ¨, çâ® ®¯¥à æ¨ï á«®¦¥¨ï ¯®àï¤ª®¢ëå â¨¯®¢ ¥ ï¢«ï¥âáï
ª®¬¬ãâ â¨¢®©.

�á«¨ < | ®â®è¥¨¥ «¨¥©®£® ¯®àï¤ª    ¬®¦¥áâ¢¥ A, â® ®¡à â®¥ ®â®-
è¥¨¥ <−1 (®¯à¥¤¥«ï¥¬®¥,  ¯®¬¨¬, ¯® ¯à ¢¨«ã x <−1 y ⇔ y < x) â ª¦¥ ï¢«ï¥âáï
®â®è¥¨¥¬ «¨¥©®£® ¯®àï¤ª    íâ®¬ ¬®¦¥áâ¢¥. �á«¨ α = o(A), â® ¯®àï¤ª®¢ë©
â¨¯ ¬®¦¥áâ¢  A, à áá¬ âà¨¢ ¥¬®£® á ®â®è¥¨¥¬ <−1,  §ë¢ ¥âáï ¤¢®©áâ¢¥ë¬
ª α ¨ ®¡®§ ç ¥âáï ç¥à¥§ α∗. �ç¥¢¨¤®, çâ® (α∗)∗ = α, ¨ «¥£ª® ¢¨¤¥âì, çâ® ¤«ï
«î¡ëå α ¨ β ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® (α + β)∗ = β∗ + α∗. �â¬¥â¨¬ â ª¦¥, çâ® ¯®-
àï¤ª®¢ë© â¨¯ ¬®¦¥áâ¢  Z ¢á¥å æ¥«ëå ç¨á¥« á ®¡ëçë¬ ¯®àï¤ª®¬ ¥áâì ω∗ + ω.

�¯à¥¤¥«¥¨¥. �.ã. ¬®¦¥áâ¢® A  §ë¢ ¥âáï ¢¯®«¥ ã¯®àï¤®ç¥ë¬ (¢.ã.), ¥á«¨
¢ ª ¦¤®¬ ¥¯ãáâ®¬ ¯®¤¬®¦¥áâ¢¥ ¬®¦¥áâ¢  A ¥áâì  ¨¬¥ìè¨© í«¥¬¥â.

�ç¥¢¨¤®, çâ® ¢áïª®¥ ª®¥ç®¥ «.ã. ¬®¦¥áâ¢® ï¢«ï¥âáï ¢¯®«¥ ã¯®àï¤®ç¥-
ë¬. �à¨¬¥à®¬ ¢.ã. ¡¥áª®¥ç®£® ¬®¦¥áâ¢  ï¢«ï¥âáï ¬®¦¥áâ¢® N  âãà «ìëå
ç¨á¥«, à áá¬ âà¨¢ ¥¬®¥ á ®¡ëçë¬ ¯®àï¤ª®¬. �ç¥¢¨¤® â ª¦¥, çâ® ¢áïª®¥ ¯®¤¬®-
¦¥áâ¢® ¢.ã. ¬®¦¥áâ¢  ï¢«ï¥âáï ¢.ã.

�¥£ª® ¢¨¤¥âì, çâ® «.ã. ¬®¦¥áâ¢®, ¨§®¬®àä®¥ ¢.ã. ¬®¦¥áâ¢ã, á ¬® ¢.ã. � -
ª¨¬ ®¡à §®¬, ¬®¦® £®¢®à¨âì ® ¯®àï¤ª®¢®¬ â¨¯¥ ¢.ã. ¬®¦¥áâ¢ , ¨ ¬ë ¯à¨¨¬ ¥¬
á«¥¤ãîé¥¥

�¯à¥¤¥«¥¨¥. �®àï¤ª®¢ë© â¨¯ ¢.ã. ¬®¦¥áâ¢   §ë¢ ¥âáï ¯®àï¤ª®¢ë¬ ç¨á«®¬
(¨«¨ ®à¤¨ «ìë¬ ç¨á«®¬, ¨«¨ ®à¤¨ «®¬).

� ª¨¬ ®¡à §®¬,  âãà «ìë¥ ç¨á«® ¨ ¯®àï¤ª®¢ë© â¨¯ ω ï¢«ïîâáï ¯à¨¬¥à ¬¨
®à¤¨ «®¢.
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�¯à¥¤¥«¥¨¥. �ãáâì A | «.ã. ¬®¦¥áâ¢® ¨ a ∈ A. �®¦¥áâ¢®

PA
a = {x ∈ A | x < a}

 §ë¢ ¥âáï ®âà¥§ª®¬ ¬®¦¥áâ¢  A (®¯à¥¤¥«ï¥¬ë¬ í«¥¬¥â®¬ a).
�à¥¤«®¦¥¨¥ 3. �.ã. ¬®¦¥áâ¢® ¥ ¬®¦¥â ¡ëâì ¨§®¬®àäë¬ ¨ª ª®¬ã á¢®-
¥¬ã ®âà¥§ªã.

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï  ç¥¬ á ¤®ª § â¥«ìáâ¢  ¢á¯®¬®£ â¥«ì-
®£® ä ªâ :
�¥¬¬ . �ãáâì A | ¢.ã. ¬®¦¥áâ¢® ¨ ¯ãáâì ϕ : A → A | â ª®¥ ¨ê¥ªâ¨¢®¥
®â®¡à ¦¥¨¥, çâ® ¤«ï «î¡ëå x, y ∈ A ¨§ x 6 y á«¥¤ã¥â xϕ 6 yϕ. �®£¤  ¤«ï «î¡®£®
í«¥¬¥â  a ∈ A ¢ë¯®«¥® ¥à ¢¥áâ¢® a 6 aϕ.

� á ¬®¬ ¤¥«¥, ¯ãáâì,  ¯à®â¨¢, áãé¥áâ¢ã¥â í«¥¬¥â a ∈ A, ¤«ï ª®â®à®£®
aϕ < a. �®£¤  ¬®¦¥áâ¢® B = {x ∈ A | xϕ < x} ¥¯ãáâ® ¨ ¯®â®¬ã ®¡« ¤ ¥â  ¨-
¬¥ìè¨¬ í«¥¬¥â®¬ b0. � ª ª ª â®£¤  b0ϕ < b0, í«¥¬¥â b1 = b0ϕ ¥ ¢å®¤¨â ¢
¬®¦¥áâ¢® B ¨ ¯®â®¬ã b1 6 b1ϕ. � ¤àã£®© áâ®à®ë, ¥à ¢¥áâ¢® b1 < b0 ¢«¥ç¥â
(á ãç¥â®¬ ¨ê¥ªâ¨¢®áâ¨ ®â®¡à ¦¥¨ï ϕ) ¥à ¢¥áâ¢® b1ϕ < b0ϕ, â. ¥. b1ϕ < b1.
�®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â «¥¬¬ã.

�à¥¤¯®«®¦¨¬ â¥¯¥àì, çâ® ¤«ï ¥ª®â®à®£® í«¥¬¥â  a ¢.ã. ¬®¦¥áâ¢  A áãé¥-
áâ¢ã¥â ¨§®¬®àä¨§¬ ϕ ¬®¦¥áâ¢  A   ®âà¥§®ª PA

a . � ª ª ª ®â®¡à ¦¥¨¥ ϕ ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î «¥¬¬ë, ¨¬¥¥¬ a 6 aϕ. �® íâ® ¥à ¢¥áâ¢® ®§ ç ¥â, çâ® í«¥¬¥â
aϕ ¥ ¯à¨ ¤«¥¦¨â ®âà¥§ªã PA

a ,   íâ® ¯à®â¨¢®à¥ç¨â â®¬ã, çâ® íâ®â ®âà¥§®ª ï¢«ï-
¥âáï ®¡à §®¬ ¬®¦¥áâ¢  A.

�à¨¬¥¬ â¥¯¥àì á«¥¤ãîé¥¥
�¯à¥¤¥«¥¨¥. �ãáâì α ¨ β | ®à¤¨ «ë ¨ ¯ãáâì α = o(A) ¨ β = o(B) ¤«ï
¥ª®â®àëå ¢.ã. ¬®¦¥áâ¢ A ¨ B. �®« £ ¥¬ α < β, ¥á«¨ áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬
¬®¦¥áâ¢  A   ¥ª®â®àë© ®âà¥§®ª ¬®¦¥áâ¢  B.

� ª¨¬ ®¡à §®¬, ¢ á®®â¢¥âáâ¢¨¨ á íâ¨¬ ®¯à¥¤¥«¥¨¥¬ ¤«ï ®à¤¨ «®¢ α ¨ β
á¯à ¢¥¤«¨¢®áâì ®â®è¥¨ï α < β ®§ ç ¥â, çâ® α ï¢«ï¥âáï ¯®àï¤ª®¢ë¬ â¨¯®¬
¥ª®â®à®£® ®âà¥§ª  ¬®¦¥áâ¢ , ã¯®àï¤®ç¥®£® ¯® â¨¯ã β. � «¥¥ ¡ã¤¥â ¯®ª § ®,
çâ®   «î¡®¬ ¬®¦¥áâ¢¥ ®à¤¨ «®¢ íâ® ®â®è¥¨ï ï¢«ï¥âáï «¨¥©ë¬ ¯®àï¤ª®¬.
�à¥¤«®¦¥¨¥ 4. �¢¥¤¥®¥ ¢ëè¥ ®â®è¥¨¥ < ¤«ï ®à¤¨ «®¢ ï¢«ï¥âáï  â¨-
à¥ä«¥ªá¨¢ë¬ ¨ âà §¨â¨¢ë¬. � ç¥ £®¢®àï,   «î¡®¬ ¬®¦¥áâ¢¥ ®à¤¨ «®¢
íâ® ®â®è¥¨ï ï¢«ï¥âáï ®â®è¥¨¥¬ áâà®£®£® (ç áâ¨ç®£®) ¯®àï¤ª .

�®ª § â¥«ìáâ¢®. �â¨à¥ä«¥ªá¨¢®áâì ®â®è¥¨ï á«¥¤ã¥â ¥¯®áà¥¤áâ¢¥®
¨§ ¯à¥¤«®¦¥¨ï 3. �®ª ¦¥¬ ¥£® âà §¨â¨¢®áâì.

�ãáâì ¤«ï ¥ª®â®àëå ®à¤¨ «®¢ α, β ¨ γ ¢ë¯®«¥ë ãâ¢¥à¦¤¥¨ï α < β ¨
β < γ. �â® ®§ ç ¥â, çâ® ¥á«¨ α = o(A), β = o(B) ¨ γ = o(C) ¤«ï ¯®¤å®¤ïé¨å
¢.ã. ¬®¦¥áâ¢ A, B ¨ C, â® ¤«ï ¥ª®â®àëå í«¥¬¥â®¢ b ∈ B ¨ c ∈ C áãé¥áâ¢ãîâ
¨§®¬®àä¨§¬ë ϕ : A → PB

b ¨ ψ : B → PC
c .

�®« £ ï c1 = bψ, ¯®ª ¦¥¬, çâ® PB
b ψ = PC

c1 .
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�¥©áâ¢¨â¥«ì®, ¯ãáâì x | ¯à®¨§¢®«ìë© í«¥¬¥â ¬®¦¥áâ¢  PB
b ψ. �®£¤ 

x = yψ ¤«ï ¥ª®â®à®£® y ∈ PB
b , â. ¥. y ∈ B ¨ y < b. �«¥¤®¢ â¥«ì®, x = yψ ∈ C

¨ x = yψ < bψ = c1, â ª çâ® x ∈ PC
c1 , ¨ ¢ª«îç¥¨¥ PB

b ψ ⊆ PC
c1 ¤®ª § ®. �¡-

à â®, ¥á«¨ x ∈ PC
c1 , â® x < c1, ¨ ¯®áª®«ìªã c1 ∈ Bψ = PC

c , â.¥. c1 < c, ¨¬¥¥¬
x < c. �«¥¤®¢ â¥«ì®, x ∈ PC

c ¨ ¯®â®¬ã x = yψ ¤«ï ¥ª®â®à®£® y ∈ B. �®áª®«ìªã
¨§ ¥à ¢¥áâ¢  b 6 y á«¥¤ã¥â ¥à ¢¥áâ¢® bψ 6 yψ, ¯à®â¨¢®à¥ç é¥¥ ¥à ¢¥áâ¢ã
x < c1, ¨¬¥¥¬ y ∈ PB

b ¨ ¯®â®¬ã x ∈ PB
b ψ. � ª¨¬ ®¡à §®¬, PC

c1 ⊆ PB
b ψ, ¨ âà¥¡ã¥¬®¥

à ¢¥áâ¢® ¤®ª § ®.
�¥¯¥àì ®ç¥¢¨¤®, çâ® ¯à®¨§¢¥¤¥¨¥ ϕψ ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¬®¦¥áâ¢  A

  ®âà¥§®ª PC
c1 ¬®¦¥áâ¢  C, ¨ íâ¨¬ ¤®ª § ®, çâ® α < γ.

� «¥¥ ¡ã¤¥â ¯®ª § ®, çâ® «î¡®¥ ¬®¦¥áâ¢® ®à¤¨ «®¢ ï¢«ï¥âáï «¨¥©® ã¯®-
àï¤®ç¥ë¬ ¨ ¤ ¦¥ ¢¯®«¥ ã¯®àï¤®ç¥ë¬ ®â®è¥¨¥¬ <.

�«ï ¯à®¨§¢®«ì®£® ®à¤¨ «  α ®¡®§ ç¨¬ ç¥à¥§ W (α) ¬®¦¥áâ¢® ¢á¥å â ª¨å
®à¤¨ «®¢ β, çâ® β < α. � ª¨¬ ®¡à §®¬, ¥á«¨ α = o(A) ¤«ï ¥ª®â®à®£® ¢.ã. ¬®¦¥-
áâ¢  A, â® ®à¤¨ « β ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã W (α) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
β = o(PA

a ) ¤«ï ¥ª®â®à®£® í«¥¬¥â  a ∈ A.
�ãáâì β1 ¨ β2 | ¯à®¨§¢®«ìë¥ ®à¤¨ «ë ¨§ W (α), β1 = o(PA

a1) ¨ β2 = o(PA
a2),

£¤¥ a1, a2 ∈ A. �á«¨ í«¥¬¥âë a1 ¨ a2 à §«¨çë, â® ¯®áª®«ìªã ¬®¦¥áâ¢® A «.ã.,
®¤¨ ¨§ íâ¨å í«¥¬¥â®¢ ¬¥ìè¥ ¤àã£®£®; ¡¥§ ¯®â¥à¨ ®¡é®áâ¨ ¬®¦¥¬ áç¨â âì, çâ®
a1 < a2.�¥£ª® ¢¨¤¥âì, çâ® â®£¤  PA

a1 ï¢«ï¥âáï ®âà¥§ª®¬ ¢.ã. ¬®¦¥áâ¢  PA
a2 , ¨ ¯®â®¬ã

¯® ®¯à¥¤¥«¥¨î ¥à ¢¥áâ¢  ¤«ï ®à¤¨ «®¢ ¨¬¥¥¬ β1 < β2. � ª¨¬ ®¡à §®¬, ¬®¦¥-
áâ¢® W (α) ï¢«ï¥âáï «¨¥©® ã¯®àï¤®ç¥ë¬. �®«¥¥ â®£®, ®âáî¤  á«¥¤ã¥â â ª¦¥,
çâ® ®â®¡à ¦¥¨¥ ϕ : A → W (α) ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ «.ã. ¬®¦¥áâ¢  A   «.ã.
¬®¦¥áâ¢® W (α). �âáî¤ , ¢ á¢®î ®ç¥à¥¤ì, á«¥¤ã¥â, çâ® ¬®¦¥áâ¢® W (α) ¢¯®«¥
ã¯®àï¤®ç¥® ¨ çâ® ¯®àï¤ª®¢ë¥ â¨¯ë ¬®¦¥áâ¢ A ¨ W (α) á®¢¯ ¤ îâ. �â®£®¬ íâ¨å
à ááã¦¤¥¨© ï¢«ï¥âáï
�à¥¤«®¦¥¨¥ 5. �«ï «î¡®£® ®à¤¨ «  α ¬®¦¥áâ¢® W (α) ¢¯®«¥ ã¯®àï¤®ç¥®
¨ o(W (α)) = α.

�®« £ ï, ª ª ®¡ëç®, ¤«ï ®à¤¨ «®¢ α ¨ β

α 6 β ⇔ α < β ∨ α = β,

¤®ª ¦¥¬ á«¥¤ãîé¥¥
�à¥¤«®¦¥¨¥ 6. �à®¨§¢®«ìë¥ ®à¤¨ «ë α ¨ β áà ¢¨¬ë, â. ¥. ¨«¨ α 6 β, ¨«¨
β 6 α.

�®ª § â¥«ìáâ¢®. �®« £ ¥¬ D = W (α) ∩W (β). �¢«ïïáì ¯®¤¬®¦¥áâ¢®¬ ¢.ã.
¬®¦¥áâ¢  W (α), ¬®¦¥áâ¢® D ¢.ã., ¨ ¥£® ¯®àï¤ª®¢ë© â¨¯ ®¡®§ ç¨¬ ç¥à¥§ δ,
δ = o(D).

�®ª ¦¥¬, çâ® δ 6 α. �á«¨ D = W (α), íâ® ®ç¥¢¨¤®. �à¥¤¯®«®¦¨¬, çâ®
D 6= W (α), â. ¥. ¬®¦¥áâ¢® W (α) \ D ¥¯ãáâ®. �®íâ®¬ã ¢ íâ®¬ ¬®¦¥áâ¢¥ ¥áâì
 ¨¬¥ìè¨© í«¥¬¥â, ª®â®àë© ®¡®§ ç¨¬ ç¥à¥§ η. �®ª ¦¥¬, çâ® D = W (η).

�à¥¤¯®«®¦¨¬ á ç « , çâ® ®à¤¨ « γ ¯à¨ ¤«¥¦¨â ¬®¦¥áâ¢ã W (η). �®£¤ 
γ < η, ¨ â ª ª ª η < α, ¨¬¥¥¬ γ < α, â. ¥. γ ∈ W (α). �®áª®«ìªã η ï¢«ï¥âáï
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 ¨¬¥ìè¨¬ í«¥¬¥â®¬ ¬®¦¥áâ¢  W (α) \ D ¨ γ < η, â® ®à¤¨ « γ ¢ ¬®¦¥áâ¢®
W (α) \D ¥ ¢å®¤¨â, ¨ ¯®â®¬ã γ ∈ D. �ª«îç¥¨¥ W (η) ⊆ D ¤®ª § ®.

�ãáâì â¥¯¥àì γ ∈ D, â®£¤  γ < α ¨ γ < β. � ¬ ¥®¡å®¤¨¬® ¯®ª § âì, çâ®
γ < η. �à¥¤¯®«®¦¨¬, çâ® íâ® ¥¢¥à®. �®áª®«ìªã ®à¤¨ «ë γ ¨ η «¥¦ â ¢ «.ã.
¬®¦¥áâ¢¥ W (α), â®£¤  ¤®«¦® ¢ë¯®«ïâìáï ¥à ¢¥áâ¢® η 6 γ. �® â ª ª ª γ < α
¨ γ < β, ®âáî¤  á«¥¤ã¥â, çâ® η < α ¨ η < β. �®á«¥¤¥¥ ®§ ç ¥â, çâ® η ¢å®¤¨â ¢
®¡  ¬®¦¥áâ¢  W (α) ¨ W (β), â. ¥. η ∈ D, çâ® ¯à®â¨¢®à¥ç¨â ¢ë¡®àã íâ®£® ®à¤¨ « .
�â ª, γ < η, â. ¥. γ ∈ W (η), ¨ ¢ª«îç¥¨¥ D ⊆ W (η) â ª¦¥ ¤®ª § ®.

�§ ¤®ª § ®£® à ¢¥áâ¢  D = W (η) á«¥¤ã¥â, çâ® δ = o(D) = o(W (η)) = η,
®âªã¤  ¯®«ãç ¥¬ δ ∈ W (α), â. ¥. δ < α.

� ª¨¬ ®¡à §®¬, ¬ë ¤®ª § «¨, çâ® δ 6 α, ¨   «®£¨ç® ¤®ª §ë¢ ¥âáï, çâ®
δ 6 β. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ®¡  ¥à ¢¥áâ¢  ï¢«ïîâáï áâà®£¨¬¨, â. ¥. ®¤®¢à¥-
¬¥® δ < α ¨ δ < β, â® íâ® ¡ã¤¥â ®§ ç âì, çâ® δ ¢å®¤¨â ¢ ¬®¦¥áâ¢® D, çâ®
¥¢®§¬®¦®, â ª ª ª δ = o(W (δ)). �«¥¤®¢ â¥«ì®, ¨«¨ δ = α ¨ â®£¤  α 6 β, ¨«¨
δ = β ¨ â®£¤  β 6 α. �à¥¤«®¦¥¨¥ 6 ¤®ª § ®.

�§ íâ®£® ¯à¥¤«®¦¥¨ï ¨¬¥¥¬ ®ç¥¢¨¤®¥

�«¥¤áâ¢¨¥. �à®¨§¢®«ì®¥ ¬®¦¥áâ¢® ®à¤¨ «®¢ ï¢«ï¥âáï «¨¥©® ã¯®àï¤®ç¥-
ë¬.

� ¤¥©áâ¢¨â¥«ì®áâ¨ á¯à ¢¥¤«¨¢® ¡®«¥¥ á¨«ì®¥

�à¥¤«®¦¥¨¥ 7. �à®¨§¢®«ì®¥ ¬®¦¥áâ¢® ®à¤¨ «®¢ ï¢«ï¥âáï ¢¯®«¥ ã¯®àï-
¤®ç¥ë¬.

� á ¬®¬ ¤¥«¥, ¤«ï ¤®ª § â¥«ìáâ¢  íâ®£® ãâ¢¥à¦¤¥¨ï ¤®áâ â®ç® ¯®ª § âì,
çâ® ¢ «î¡®¬ ¥¯ãáâ®¬ ¬®¦¥áâ¢¥ ®à¤¨ «®¢ ¥áâì  ¨¬¥ìè¨© í«¥¬¥â.

�á«¨ ¬®¦¥áâ¢® W ®à¤¨ «®¢ ¥¯ãáâ®, ¢ ¥¬ ¥áâì å®âï ¡ë ®¤¨ ®à¤¨ « α.
�ãáâì V = W ∩W (α). �á«¨ ¬®¦¥áâ¢® V ¯ãáâ®, â® α ï¢«ï¥âáï, ®ç¥¢¨¤®  ¨¬¥ì-
è¨¬ ¢ W . �á«¨ ¦¥ ¬®¦¥áâ¢® V ¥¯ãáâ®, â® ¯®áª®«ìªã ®® ï¢«ï¥âáï ¯®¤¬®¦¥áâ¢®¬
¢.ã. (¢ á¨«ã ¯à¥¤«®¦¥¨ï 5) ¬®¦¥áâ¢  W (α), ¢ ¥¬ ¥áâì  ¨¬¥ìè¨© í«¥¬¥â β.
�â¢¥à¦¤ ¥âáï, çâ® ® ï¢«ï¥âáï  ¨¬¥ìè¨¬ ¨ ¢ W . �¥©áâ¢¨â¥«ì®, ¥á«¨ ¤«ï ¥ª®-
â®à®£® γ ∈ W ¢ë¯®«¥® ¥à ¢¥áâ¢® γ < β, â®, ¯®áª®«ìªã β < α, ¨¬¥¥¬ γ < α,
â. ¥. γ ∈ W (α). �® â®£¤  γ ∈ V , çâ® ¥¢®§¬®¦®, â ª ª ª β ï¢«ï¥âáï  ¨¬¥ìè¨¬
¢ V .

�§ ¯à¥¤«®¦¥¨ï 7 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 1. �«ï «î¡®£® ¬®¦¥áâ¢  ®à¤¨ «®¢ áãé¥áâ¢ã¥â ®à¤¨ «, ¥ ¯à¨-
 ¤«¥¦ é¨© íâ®¬ã ¬®¦¥áâ¢ã.

�¥©áâ¢¨â¥«ì®, ¢ á¨«ã ¯à¥¤«®¦¥¨ï 7 ¯à®¨§¢®«ì®¥ ¬®¦¥áâ¢® ®à¤¨ «®¢ W
¢.ã., ¨ ¯®â®¬ã ¥£® ¯®àï¤ª®¢ë© â¨¯ α = o(W ) ï¢«ï¥âáï ®à¤¨ «®¬. �á«¨ α /∈ W , â®
ãâ¢¥à¦¤¥¨¥ ¤®ª § ®. �áâ ¥âáï § ¬¥â¨âì, çâ® ¥á«¨ α ∈ W , â® ¬®¦¥áâ¢® W (α)
¥ ¬®¦¥â á®¤¥à¦ âìáï ¢ W , â ª ª ª ¢ ¯à®â¨¢®¬ á«ãç ¥ ®® á®¢¯ ¤ «® ¡ë á ¥£®
®âà¥§ª®¬ PW

α ¨ ¯®àï¤ª®¢ë© â¨¯ ¬®¦¥áâ¢  W ®ª § «áï ¡ë à ¢ë¬ ¯®àï¤ª®¢®¬ã
â¨¯ã ¥£® ®âà¥§ª , çâ® ¥¢®§¬®¦® ¢ á¨«ã ¯à¥¤«®¦¥¨ï 3.
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� ç¥ £®¢®àï, ¨ª ª®¥ ¬®¦¥áâ¢® ®à¤¨ «®¢ ¢á¥å ®à¤¨ «®¢ á®¤¥à¦ âì ¥
¬®¦¥â. �«¥¤®¢ â¥«ì®, á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥¨¥, ¨§¢¥áâ®¥ ª ª ¯ à ¤®ªá �ãà «¨
- �®àâ¨:

�«¥¤áâ¢¨¥ 2. �®¦¥áâ¢  ¢á¥å ®à¤¨ «ìëå ç¨á¥« ¥ áãé¥áâ¢ã¥â.

�ëè¥ ¡ë«  ¢¢¥¤¥  ®¯¥à æ¨ï á«®¦¥¨ï ¯®àï¤ª®¢ëå â¨¯®¢. �¥âàã¤® ¯®ª -
§ âì, çâ® áã¬¬  ¤¢ãå ®à¤¨ «®¢ ï¢«ï¥âáï ®à¤¨ «®¬. � ç áâ®áâ¨, «¥£ª® ¢¨¤¥âì,
çâ® α + 1 = o(W (α) ∪ {α}).
�à¥¤«®¦¥¨¥ 8. �«ï «î¡ëå ®à¤¨ «®¢ α ¨ β ¨§ â®£®, çâ® α < β, á«¥¤ã¥â, çâ®
α + 1 6 β.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, çâ® ¥á«¨ α < β, â® α ∈ W (β), W (α) ⊆ W (β), ¨
¯®â®¬ã W (α) ∪ {α} ⊆ W (β).

�á«¨ W (α) ∪ {α} = W (β), â® β = α + 1. � ¯à®â¨¢®¬ á«ãç ¥ ®¡®§ ç¨¬ ç¥à¥§
γ  ¨¬¥ìè¨© í«¥¬¥â (¥¯ãáâ®£®) ¬®¦¥áâ¢  W (β) \ (W (α)∪{α}) ¨ ¯®ª ¦¥¬, çâ®
W (α) ∪ {α} = W (γ).

�ª«îç¥¨¥ W (γ) ⊆ W (α) ∪ {α} ®ç¥¢¨¤®. � ¤àã£®© áâ®à®ë, ®à¤¨ « δ ¯à¨-
 ¤«¥¦¨â ¬®¦¥áâ¢ã W (α) ∪ {α} â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  δ 6 α, ¨ ¥á«¨ ¯à¥¤-
¯®«®¦¨âì, çâ® íâ®â ®à¤¨ « ¥ ¢å®¤¨â ¢ ¬®¦¥áâ¢® W (γ), â® ¡ã¤¥â ¢ë¯®«ïâìáï
¥à ¢¥áâ¢® γ 6 δ. �®áª®«ìªã â®£¤  γ 6 α, çâ® ®§ ç ¥â γ) ∈ W (α) ∪ {α}, ¬ë
¯à¨¤¥¬ ª ¯à®â¨¢®à¥ç¨î á ¢ë¡®à®¬ γ.

� ª¨¬ ®¡à §®¬, à ¢¥áâ¢® W (α)∪ {α} = W (γ) ¤®ª § ®. �§ ¥£® á«¥¤ã¥â, çâ®

α + 1 = o(W (α) ∪ {α}) = o(W (γ)) = γ,

¨, â ª ª ª γ ∈ W (α), α + 1 < β.

�à¤¨ « α  §ë¢ ¥âáï ¥¯à¥¤¥«ìë¬, ¥á«¨ α = β+1 ¤«ï ¥ª®â®à®£® ®à¤¨ « 
β. � ¯à®â¨¢®¬ á«ãç ¥ α  §ë¢ ¥âáï ¯à¥¤¥«ìë¬ ®à¤¨ «®¬. �¥£ª® ¢¨¤¥âì, çâ®
®à¤¨ « α = o(A) ï¢«ï¥âáï ¥¯à¥¤¥«ìë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¬®¦¥áâ¢®
A ®¡« ¤ ¥â  ¨¡®«ìè¨¬ í«¥¬¥â®¬. � ª¨¬ ®¡à §®¬, ®à¤¨ « ω ï¢«ï¥âáï ¯à¨¬¥à®¬
¯à¥¤¥«ì®£® ®à¤¨ « . �®«¥¥ â®£®, ¯®áª®«ìªã ¨§ ¥à ¢¥áâ¢  α < ω á«¥¤ã¥â, çâ® α
| ª®¥çë© ®à¤¨ «, ω ï¢«ï¥âáï  ¨¬¥ìè¨¬ ¨§ ¯à¥¤¥«ìëå ®à¤¨ «®¢.

�¢¥¤¥¬ ¯®ïâ¨¥ âà áä¨¨â®© ¯®á«¥¤®¢ â¥«ì®áâ¨.
�ãáâì α | ®à¤¨ « ¨ ¯ãáâì M | ¥¯ãáâ®¥ ¬®¦¥áâ¢®. �â®¡à ¦¥¨¥

ϕ : W (α) → M  §ë¢ ¥âáï âà áä¨¨â®© ¯®á«¥¤®¢ â¥«ì®áâìî â¨¯  α, á®-
áâ ¢«¥®© ¨§ í«¥¬¥â®¢ ¬®¦¥áâ¢  M . �¡à § ®à¤¨ «  γ ∈ W (α) § ¯¨áë¢ îâ ¢
¢¨¤¥ mγ ,   ¯®á«¥¤®¢ â¥«ì®áâì | ¢ ¢¨¤¥ (mγ)γ<α. � ª¨¬ ®¡à §®¬, ®¡ëç ï ¯®á«¥-
¤®¢ â¥«ì®áâì ï¢«ï¥âáï âà áä¨¨â®© ¯®á«¥¤®¢ â¥«ì®áâìî â¨¯  ω.

�®¢®àïâ, çâ® ¬®¦¥áâ¢® M à á¯®«®¦¥® ¢ âà áä¨¨âãî ¯®á«¥¤®¢ â¥«ì-
®áâì, ¥á«¨ ®â®¡à ¦¥¨¥ ϕ : W (α) → M áîàê¥ªâ¨¢®, â. ¥. ª ¦¤ë© í«¥¬¥â ¬®-
¦¥áâ¢  M á®¢¯ ¤ ¥â á ¥ª®â®àë¬ ç«¥®¬ ¯®á«¥¤®¢ â¥«ì®áâ¨ (mγ)γ<α.

�«ï ¬®¦¥áâ¢ , à á¯®«®¦¥®£® ¢ âà áä¨¨âãî ¯®á«¥¤®¢ â¥«ì®áâì, á¯à -
¢¥¤«¨¢ ¯à¨æ¨¯ âà áä¨¨â®© ¨¤ãªæ¨¨, ï¢«ïîé¨©áï ®¡®¡é¥¨¥¬ ¯à¨æ¨¯  ¯®«-
®© ¬ â¥¬ â¨ç¥áª®© ¨¤ãªæ¨¨ ¨ ä®à¬ã«¨àã¥¬ë© á«¥¤ãîé¨¬ ®¡à §®¬:
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�ãáâì ¬®¦¥áâ¢® M à á¯®«®¦¥® ¢ âà áä¨¨âãî ¯®á«¥¤®¢ â¥«ì®áâì
(mγ)γ<α. �à¥¤¯®«®¦¨¬, çâ® ¯®¤¬®¦¥áâ¢® A ¬®¦¥áâ¢  M ®¡« ¤ ¥â â¥¬
á¢®©áâ¢®¬, çâ® ¤«ï «î¡®£® ®à¤¨ «  γ, γ < α, ¨§ â®£®, çâ® ¯®¤¬®¦¥áâ¢® A
á®¤¥à¦¨â ¢á¥ í«¥¬¥âë mδ, £¤¥ δ < γ, á«¥¤ã¥â, çâ® A á®¤¥à¦¨â ¨ í«¥¬¥â mγ .
�®£¤  A = M .

� á ¬®¬ ¤¥«¥, ¢ ¯à®â¨¢®¬ á«ãç ¥ ¬®¦¥áâ¢® M \ A ¥¯ãáâ® ¨ ¯®â®¬ã áãé¥-
áâ¢ã¥â  ¨¬¥ìè¨© ®à¤¨ « γ, γ < α, â ª®©, çâ® mγ ∈ M \ A. �®£¤  ¤«ï «î¡®£®
δ, £¤¥ δ < γ, ¬ë ¡ã¤¥¬ ¨¬¥âì mδ ∈ A,   ¯®â®¬ã, ¢ á¨«ã ¯à¥¤¯®«®¦¥¨ï, ¨ í«¥-
¬¥â mγ ¤®«¦¥ ¢å®¤¨âì ¢ A. �â® ¯à®â¨¢®à¥ç¨¥ ¨ ¤®ª §ë¢ ¥â áä®à¬ã«¨à®¢ ®¥
ãâ¢¥à¦¤¥¨¥.

�à¨æ¨¯ âà áä¨¨â®© ¨¤ãªæ¨¨, â ª ¦¥, ª ª ¨ ®¡ëçë© ¯à¨æ¨¯ ¨¤ãª-
æ¨¨, ¯à¨¬¥¨¬ ª ¤®ª § â¥«ìáâ¢ã ¬ â¥¬ â¨ç¥áª¨å ãâ¢¥à¦¤¥¨© ¨ ¯®áâà®¥¨î ¬ -
â¥¬ â¨ç¥áª¨å ®¡ê¥ªâ®¢. �® íâ®â ¯à¨æ¨¯ à ¡®â ¥â «¨èì ¤«ï ¬®¦¥áâ¢, à á¯®«®-
¦¥ëå ¢ âà áä¨¨âãî ¯®á«¥¤®¢ â¥«ì®áâì. �®¦® ¤®ª § âì, çâ® ¯à®¨§¢®«ì®¥
¬®¦¥áâ¢® à á¯®« £ ¥¬® ¢ âà áä¨¨âãî ¯®á«¥¤®¢ â¥«ì®áâì ¢ â®ç®áâ¨ â®£¤ ,
ª®£¤  ¥£® ¬®¦® ¢¯®«¥ ã¯®àï¤®ç¨âì, â. ¥.   íâ®¬ ¬®¦¥áâ¢¥ ¬®¦® ¢¢¥áâ¨ ®â®-
è¥¨¥ «¨¥©®£® ¯®àï¤ª , ¯à¥¢à é îé¥¥ ¥£® ¢® ¢¯®«¥ ã¯®àï¤®ç¥®¥ ¬®¦¥áâ¢®.

�®§¬®¦®áâì ¢¯®«¥ ã¯®àï¤®ç¨¢ ¥¬®áâ¨ ¯à®¨§¢®«ì®£® ¬®¦¥áâ¢  ®ª §ë¢ -
¥âáï § ¢¨áïé¨¬ ®â ¢ë¡®à   ªá¨®¬ â¨ª¨ â¥®à¨¨ ¬®¦¥áâ¢, â.¥ ®â ¢ª«îç¥¨ï ¢ á¨-
áâ¥¬ã  ªá¨®¬ â¥®à¨¨ ¬®¦¥áâ¢ âà¥¡®¢ ¨ï íâ®£® ¢ â®¬ ¨«¨ ¨®¬ ¢¨¤¥. � ¨¬¥®,
¬®¦® ¯®ª § âì, çâ® á«¥¤ãîé¨¥ ç¥âëà¥ ãâ¢¥à¦¤¥¨ï ¯®¯ à® à ¢®á¨«ìë.

1. �ªá¨®¬  ¢ë¡®à . �«ï «î¡®£® ¥¯ãáâ®£® ¬®¦¥áâ¢  M áãé¥áâ¢ã¥â äãª-
æ¨ï f(x), ®¯à¥¤¥«¥ ï   ¬®¦¥áâ¢¥ 2M \ {∅} ¢á¥å ¥¯ãáâëå ¯®¤¬®¦¥áâ¢ ¬®¦¥-
áâ¢  M , ¯à¨¨¬ îé ï § ç¥¨ï ¢ M ¨ â ª ï, çâ® ¤«ï «î¡®£® ¥¯ãáâ®£® ¯®¤¬®-
¦¥áâ¢  A ⊆ M ¢ë¯®«¥® ãá«®¢¨¥ f(x) ∈ A.

2. �¥¬¬  �®à . �ãáâì ç áâ¨ç® ã¯®àï¤®ç¥®¥ ¬®¦¥áâ¢® M â ª®¢®, çâ®
«î¡ ï æ¥¯ì í«¥¬¥â®¢ ¬®¦¥áâ¢  M ¨¬¥¥â ¢ íâ®¬ ¬®¦¥áâ¢¥ ¢¥àåîî £à ì. �®-
£¤  ¢ ¬®¦¥áâ¢¥ M áãé¥áâ¢ãîâ ¬ ªá¨¬ «ìë¥ í«¥¬¥âë. �®«¥¥ â®£®, ¤«ï «î¡®£®
í«¥¬¥â  a ∈ M áãé¥áâ¢ã¥â ¬ ªá¨¬ «ìë© í«¥¬¥â b ∈ M â ª®©, çâ® a 6 b.

3. �¥®à¥¬  �¥à¬¥«®. � ¦¤®¥ ¬®¦¥áâ¢® ¬®¦® ¢¯®«¥ ã¯®àï¤®ç¨âì.
4. � ª® ¤¨å®â®¬¨¨ ¤«ï ¬®é®áâ¥©. �«ï «î¡ëå ¬®¦¥áâ¢ A ¨ B ¨«¨

|A| 6 |B| , ¨«¨ |B| 6 |A|.


